Abstract. In this paper, we define Tribonacci and Tribonacci-Lucas matrix sequences and investigate their properties.
Introduction and Preliminaries
Recently, there have been so many studies of the sequences of numbers in the literature that concern about subsequences of the Horadam numbers and generalized Tribonacci numbers such as Fibonacci, Lucas, Pell and Jacobsthal numbers; Tribonacci, Tribonacci-Lucas, Padovan, Perrin, Padovan-Perrin, Narayana, third order Jacobsthal and third order Jacobsthal-Lucas numbers.
The sequences of numbers were widely used in many research areas, such as physics, engineering, architecture, nature and art. For example, the ratio of two consecutive Fibonacci numbers converges to the Golden section (ratio), α F =
1+
√ 5
2 ; which appears in modern research, particularly physics of the high energy particles or theoretical physics. Another example, the ratio of two consecutive Padovan numbers converges to the Plastic ratio, α P = , which have many applications to such as architecture, see [9] . One last example, the ratio of two consecutive Tribonacci numbers converges to the Tribonacci ratio, α T = . For a short introduction to these three constants, see [10] .
On the other hand, the matrix sequences have taken so much interest for different type of numbers. For matrix sequences of generalized Horadam type numbers, see for example [4] , [5] , [7] , [15] , [16] , [17] , [19] , [22] , and for matrix sequences of generalized Tribonacci type numbers, see for instance [2] , [20] , [21] .
In this paper, the matrix sequences of Tribonacci and Tribonacci-Lucas numbers will be defined for the first time in the literature. Then, by giving the generating functions, the Binet formulas, and summation formulas over these new matrix sequences, we will obtain some fundamental properties on Tribonacci and Tribonacci-Lucas numbers. Also, we will present the relationship between these matrix sequences.
Extension of the definition of T n to negative subscripts can be proved by writing the recurrence relation (1.3) as
Note that T −n = T 2 n−1 − T n−2 T n , (see [3] ). We can give some relations between {T n } and {K n } as
and also
Note that the last three identities hold for all integers n.
The first few Tribonacci numbers and Tribonacci Lucas numbers with positive subscript are given in the following 
and (1.8)
respectively, where α, β and γ are the roots of the cubic equation
is a primitive cube root of unity. Note that we have the following identities α + β + γ = 1,
The generating functions for the Tribonacci sequence {T n } n≥0 and Tribonacci-Lucas sequence {K n } n≥0 are (1.9)
Note that the Binet form of a sequence satisfying (1.1) and (1.2) for non-negative integers is valid for all integers n. This result of Howard and Saidak [8] is even true in the case of higher-order recurrence relations as the following theorem shows. 
For all n,
a constant determined by the initial conditions for {w n }. Here, equation (1.11 ) is called the Binet form (or Binet formula) for {w n }. We assume that f (0) = 0 so that {w n } can be extended to negative integers n.
If the zeros of (1.10) are distinct, as they are in our examples, then
The Binet form for {w n } is valid for all integers n.
The Matrix Sequences of Tribonacci and Tribonacci-Lucas Numbers
In this section we define Tribonacci and Tribonacci-Lucas matrix sequences and investgate their properties.
Definition 2.1. For any integer n ≥ 0, the Tribonacci matrix (T n ) and Tribonacci-Lucas matrix (K n )
are defined by
respectively, with initial conditions
The sequences {T n } n≥0 and {K n } n≥0 can be extended to negative subscripts by defining
and
for n = 1, 2, 3, ... respectively. Therefore, recurrences (2.1) and (2.2) hold for all integers n.
The following theorem gives the nth general terms of the Tribonacci and Tribonacci-Lucas matrix sequences.
Theorem 2.2. For any integer n ≥ 0, we have the following formulas of the matrix sequences:
Proof. We prove (2.3) by strong mathematical induction on n. (2.4) can be proved similarly.
If n = 0 then, since
which is true and
which is true. Assume that the equality holds for n ≤ k. For n = k + 1, we have
Thus, by strong induction on n, this proves (2.3).
We now give the Binet formulas for the Tribonacci and Tribonacci-Lucas matrix sequences. 
where
Proof. We prove the theorem only for n ≥ 0 because of Theorem 1.1. We prove (2.5). By the assumption, the characteristic equation of (2.1) is x 3 − x 2 − x − 1 = 0 and the roots of it are α, β and γ. So it's general solution is given by
Using initial condition which is given in Definition 2.1, and also applying lineer algebra operations, we obtain the matrices A 1 , B 1 , C 1 as desired. This gives the formula for T n .
Similarly we have the formula (2.6). 
Proof. From Theorem 2.3, we have
By Theorem 2.2, we know that
Now, if we compare the 2nd row and 1st column entries with the matrices in the above two equations, then we obtain
By Theorem 2.2, we know that
Now, if we compare the 2nd row and 1st column entries with the matrices in the above last two equations, then we obtain
.
Using the relations, α + β + γ = 1, αβγ = 1 and considering α, β and γ are the roots the equation
So finally we conclude that
Now, we present summation formulas for Tribonacci and Tribonacci-Lucas matrix sequences.
Theorem 2.5. For m > j ≥ 0, we have
Proof. Note that
Simplifying and rearranging the last equalities in the last two expression imply (2.7) and (2.8) as required.
As in Corollary 2.4, in the proof of next Corollary, we just compare the linear combination of the 2nd row and 1st column entries of the relevant matrices.
Corollary 2.6. For m > j ≥ 0, we have (2.9)
and (2.10)
Note that using the above Corollary we obtain the following well known formulas (taking m = 1, j = 0):
We now give generating functions of T and K. T
Proof. We prove the Tribonacci case. Suppose that g(x) = ∞ n=0 T n x n is the generating function for the sequence {T n } n≥0 . Then, using Definition 2.1, we obtain
Rearranging above equation, we get
which equals the ∞ n=0 T n x n in the Theorem. This completes the proof.
Tribonacci-Lucas case can be proved similarly.
The well known generating functions for Tribonacci and Tribonacci-Lucas numbers are as in (1.9).
However, we will obtain these functions in terms of Tribonacci and Tribonacci-Lucas matrix sequences as a consequence of Theorem 2.7. To do this, we will again compare the the 2nd row and 1st column entries with the matrices in Theorem 2.7. Thus we have the following corollary. T
respectively.
Relation Between Tribonacci and Tribonacci-Lucas Matrix Sequences
The following theorem shows that there always exist interrelation between Tribonacci and TribonacciLucas matrix sequences.
Theorem 3.1. For the matrix sequences {T n } and {K n }, we have the following identities.
(a):
Proof. From (1.4), (1.5) and (1.6), (a), (b) and (c) follow. It is easy to show that K n = −T n+2 +4T n+1 −T n and 22T n = 5K n+2 − 3K n+1 − 4K n using Binet formulas of the numbers T n and K n , so now (d) and (e) follow.
Lemma 3.2. For all non-negative integers m and n, we have the following identities.
Proof. Identities can be established easily. Note that to show (a) we need to use all the relations (1.4), (1.5) and (1.6).
Next Corollary gives another relation between the numbers T n and K n and also the matrices T n and
Corollary 3.3. We have the following identities.
Proof. From Lemma 3.2 (a), we know that K 0 T n = K n . To show (a), use Theorem 2.2 for the matrix T n and calculate the matrix operation K −1 0 K n and then compare the 2nd row and 1st column entries with the matrices T n and K
To prove the following Theorem we need the next Lemma. 
Proof. Using α + β + γ = 1, αβ + αγ + βγ = −1 and αβγ = 1, required equalities can be established by matrix calculations.
Theorem 3.5. For all non-negative integers m and n, we have the following identities.
Proof.
(a): Using Lemma 3.4 we obtain
(b): By Lemma 3.2, we have
Now from (a) and again by Lemma 3.2 we obtain T m K n = T m+n K 0 = K m+n .
It can be shown similarly that K n T m = K m+n .
(c): Using (a) and Theorem 3.1 (a) we obtain
It can be shown similarly that K n K m = 9T m+n+2 − 12T m+n+1 − 2T m+n + 4T m+n−1 + T m+n−2 .
The remaining of identities can be proved by considering again (a) and Theorem 3.1.
Comparing matrix entries and using Teorem 2.2 we have next result.
Using Theorem 3.5 (a) iteratively, we obtain the required result: We have analogues results for the matrix sequence K n . When we apply Lemma 3.2 (a) iteratively, it follows that
This completes the proof.
